A Linearized Boltzmann Transport (LBT) model coupled with hydrodynamical background is established to describe the evolution of jet shower partons and medium excitations in high energy heavy-ion collisions. We extend the LBT model to include both elastic and inelastic processes for light and heavy partons in the quark-gluon plasma. A hybrid model of fragmentation and coalescence is developed for the hadronization of heavy quarks. Within this framework, we investigate how heavy flavor observables depend on various ingredients, such as different energy loss and hadronization mechanisms, the momentum and temperature dependences of the transport coefficients, and the radial flow of the expanding fireball. Our model calculations show good descriptions of the D meson suppression and elliptic flow observed at the LHC and RHIC. The prediction for the Pb-Pb collisions at √ sNN=5.02 TeV is provided.
I. INTRODUCTION
The nuclear suppression of high transverse momentum (p T ) hadrons and their azimuthal anisotropy observed at the Relativistic Heavy-Ion Collider (RHIC) [1] [2] [3] [4] and the Large Hadron Collider (LHC) [5] [6] [7] [8] [9] provide valuable evidence of the formation of the strongly interacting quarkgluon plasma (sQGP) in high energy nucleus-nucleus collisions. Such phenomena are commonly understood as the consequence of energy loss experienced by high energy partons produced via initial hard processes as they propagate through and interact with the color-deconfined QGP before fragmenting into hadrons [10] [11] [12] [13] [14] . Parton energy loss can be attributed to both elastic (collisional) [15, 16] and inelastic (radiative) [11, 12] parton-medium interaction processes. Phenomenological studies of parton energy loss involve sophisticated calculations of the quenching of single inclusive hadron [17] [18] [19] , di-hadron [20] [21] [22] , photon-hadron correlations [23] [24] [25] [26] , as well as full jets [26] [27] [28] [29] . Various approaches to parton energy loss have been utilized in these phenomenological applications, and one may refer to Ref. [30] for a detailed comparison between different schemes. One of the major goals of these studies is to extract quantitatively jet transport coefficients in the QGP from systematic comparison with experimental data [31] .
Among various hadron species, heavy flavor hadrons are of great interest. High p T heavy quarks provide a valuable tool to study the energy loss of energetic partons. Heavy quarks with low p T may be thermalized with the medium background within the life-time of the QGP fireball and therefore can encode rich information of the thermal properties of the medium. In the intermediate p T region, heavy flavor hadrons provide a unique opportunity for studying the hadronization mechanism of energetic partons. Over the past decade, experiments at both RHIC and the LHC have produced many interesting measurements for heavy flavor hadrons and their decay electrons. The most surprising observations are the small values of the nuclear modification factors R AA and the large values of the elliptic flow coefficients v 2 ; both are almost comparable to those of light hadrons [32] [33] [34] [35] [36] [37] [38] . These results seem contradictory to the earlier expectation of the mass hierarchy in parton energy loss [39] . Thus it still remains a challenge to obtain a full understanding of the dynamical evolution of different flavor partons in heavy-ion collisions, including their initial production, in-medium energy loss and the hadronization process.
Various transport models have been constructed to study the heavy flavor production and medium modification in heavy-ion collisions, such as the parton cascade models based on the Boltzmann equation [40] [41] [42] [43] , the linearized Boltzmann [44, 45] and Langevin [46] [47] [48] [49] [50] [51] [52] [53] [54] approaches coupled to hydrodynamic background, and the parton-hadron-string-dynamics model [55] . In this work, we extend the Linearized Boltzmann Transport (LBT) model [26, 56] to include both light and heavy flavor parton evolution in relativistic heavy-ion collisions. All 2 → 2 channels are included for the elastic scattering processes, and the medium-induced gluon radiation is introduced for the inelastic process based on the higher-twist energy loss formalism [57] [58] [59] . Within this framework, we obtain good descriptions of the D meson suppression and elliptic flow coefficient observed at RHIC and the LHC. We also provide the prediction for Pb-Pb collisions at √ s NN =5.02 TeV. In this work, we focus on heavy flavor observables; the calculations for light flavor hadrons and jets will be presented separately in our upcoming studies.
The paper is organized as follows. In Sec. II, we provide a brief overview of the LBT model and present the extension for heavy quark evolution in dense nuclear medium. Both collisional and radiative processes experienced by heavy quarks will be studied inside a static thermal medium. In this section, we also validate our model by comparing with semi-analytical calculations. In Sec. III, we develop a hybrid model of fragmentation and coalescence to describe the hadronization process of heavy quarks into heavy flavor hadrons. In Sec. IV, we couple our LBT model with hydrodynamic background, and calculate heavy meson suppression and elliptic flow coefficient for heavy-ion collisions at the LHC and RHIC. The effects of different ingredients in the transport model on the final heavy meson suppression and elliptic flow will be investigated in detail, such as different momentum and temperature dependences of the transport coefficients, different hadronization mechanisms, and the radial flow of the hydrodynamically expanding medium. Sec. V contains the summary and the outlook for future developments.
II. HEAVY QUARK EVOLUTION WITHIN A LINEARIZED BOLTZMANN TRANSPORT MODEL
A. Elastic scattering
The evolution of the phase space distribution of a given parton (noted as "1") in the absence of a mean field can be described using the Boltzmann equation:
where
is the 4-momentum of the jet parton "1" and C[f 1 ] denotes the collision integral which can be written as
where w( p 1 , k) denotes the transition rate for parton "1" from the momentum state p 1 to p 1 − k, which can be directly related to the microscopic scattering cross section of parton "1". For elastic scattering processes "1 + 2 → 3 + 4",
where the summation runs over all flavors in all possible "1 + 2 → 3 + 4" channels, γ 2 represents the spin-color degeneracy of parton "2" (6 for a quark and 16 for a gluon), and
is the relative velocity between "1" and "2". The "±" signs in Eq. (4) denote the Bose-enhancement or Pauli-blocking effect.
The elastic scattering rate for parton "1" through a given channel can be obtained by integrating the transition rate over the exchange momentum k:
Using the expression for v rel dσ 12→34 , one obtains:
where the factor
is introduced [56, 60] to avoid possible divergence of |M 12→34 | 2 at small angle (u, t → 0) for massless partons, and µ
is the Debye screening mass in the QGP medium. In our model, the leadingorder matrix elements are taken for elastic scattering processes (see Ref. [61] for massless light partons and Ref. [62] for heavy quarks).
In this paper, we focus on the evolution of heavy quarks, i.e., partons "1" and "3" represent the incoming and outgoing heavy quarks, "2" represents a light parton from the QGP background and "4" represents the corresponding recoiled thermal parton after scattering. Therefore in Eq. (6), f 2 and f 4 are taken as thermal distributions for massless partons; the factor (1 − f 3 ) for heavy quarks can be neglected due to their dilute density inside the QGP when the temperature is much smaller than the heavy quark mass.
With the above setup, we obtain the following elastic scattering rate for a heavy quark inside a thermal medium:
where cos θ 24 = sin θ 2 sin θ 4 cos φ 4 + cos θ 2 cos θ 4 ,
In the above expressions, we choose p 1 in the +z direction and p 2 in the x − z plane. θ 2 is the polar angle of p 2 , θ 4 and φ 4 are the polar and azimuthal angles of p 4 , and θ 24 is the angle between p 2 and p 4 . In our model, given the momentum of a heavy quark and the local temperature of its surrounding medium, one may first calculate the scattering rate Γ i for each channel i = (12 → 34) (with gluon or light quarks). The total rate is the sum of all channels: Γ = i Γ i . The scattering probability during a time interval ∆t is given by: P el = Γ∆t.
1 With the total scattering probability, one may determine whether or not the heavy quark is scattered for a given time interval ∆t. If it is scattered, a specific channel is then selected according to its relative probability Γ i /Γ. The momenta of the outgoing heavy quark and recoiled light parton are sampled according to the differential interaction rate [Eq. (8)].
For convenience, we use Eq. (8) to define the following notation:
In particular, we have Γ = 1 and
whereq andê denote the momentum broadening and energy loss of heavy quark, respectively, per unit time due to elastic scattering.
In Fig. 1 , we present the cumulative elastic energy loss of 30 GeV charm and beauty quarks in a static medium with 300 MeV temperature as functions of time. Our LBT Monte Carlo simulation is validated by being compared to the semi-analytical calculation. Here we use a fixed strong coupling constant α s = 0.3. We observe that our Monte-Carlo simulation of the elastic scattering processes produces an elastic energy loss that increases linearly with time with a slope ofê = 0.668 GeV/fm for charm quarks and 0.382 GeV/fm for beauty quarks. These agree with the values from semi-analytical calculations using Eq. (12) . Note that in order to consistently compare to the semi-analytical results, we restore the initial energy for heavy quarks after each time step, since the semi-analytical calculation does not automatically include the momentum variation of heavy quarks with time during the propagation.
B. Medium-induced gluon radiation
When energetic partons propagate through the dense nuclear medium, they may also lose energy via mediuminduced gluon radiation. We include the inelastic scattering process in our current LBT model by following our earlier work [26, 53, 54] .
Given a time step ∆t at time t, the average number of radiated gluons from a hard parton with energy E inside a thermal medium of temperature T can be obtained as:
where the gluon radiation spectrum is adopted from the higher-twist calculation for parton energy loss from medium-induced radiation process. The distribution function of radiated gluons emitted from a massless parton is calculated in Refs. [57, 58] and its modification due to the mass effect of heavy quarks is investigated in Ref. [59] :
Here, x is the fractional energy of the emitted gluon taken from its parent parton, and k ⊥ is the gluon transverse momentum. α s is the strong coupling constant,q is the quark transport coefficient due to elastic scatterings as given by Eq. (12) , and τ f is the formation time of the radiated gluon defined as
2 ) with M being the mass of the parent parton. t i denotes the "initial time", i.e., the production time of the "parent" parton from which the gluon is then radiated. In our calculation, we use the following splitting functions for quarks and gluons respectively [63] :
Note that the color factor has been factorized in the gluon radiation spectrum in Eq. (14) . When calculating the average gluon number, a lower cut-off of radiated gluon energy ω 0 = µ D is imposed to avoid the divergence at x → 0. Since N g may not always be much smaller than 1 during the parton evolution, we allow multiple gluon radiation during each time step. For the q → qg process, the following Poisson distribution is used for the number n of radiated gluons during ∆t:
from which one may obtain the total probability of inelastic scattering, i.e, the probability of radiating as least one gluon, as follows:
During each time step in our simulations, the average number of radiated gluons N g from a propagating quark is first evaluated using Eq. (13). Then Eq. (18) is used to determine whether or not the quark radiates gluons. If the gluon radiation process happens, the number n of radiated gluons is sampled following Eq. (17), and the energy and momentum of each gluon is sampled according to its spectrum Eq. (14) . For the g → gg process, N g /2 is used instead of N g in Eq. (17) and (18), since unlike the q → qg process, the number of splittings here is half of the final gluon number. Note that in our framework, the gluon radiation process is induced by the scattering between the incoming hard parton and the background medium, i.e., a 2 → 2 scattering is first assumed for the gluon radiation process. Therefore, the four-momenta of the two outgoing partons as presented in Sec. II A need to be adjusted together with the n radiated gluons so that the energy-momentum conservation of the 2 → 2 + n inelastic process is respected.
To verify the accuracy of our model simulation, we calculate the cumulative energy carried away by radiated gluons from heavy quarks as functions of time in 
With α s = 0.3, for 30 GeV energy of heavy quarks and 300 MeV temperature of the medium, we haveq/T 3 = 6.25 for charm quarks and 5.24 for beauty quarks as given by Eq. (12) . For an apple-to-apple comparison to the semi-analytical calculation, the heavy quark energy is restored to 30 GeV after each inelastic scattering in our simulation and the initial time t i is fixed at 0. With these setups, our Monte-Carlo simulation provides a good agreement with the semi-analytical calculation.
C. Elastic versus inelastic energy loss
In Fig. 3 , we compare the energy loss of heavy quarks from 2 → 2 (collisional) and 2 → 2 + n (radiative) processes in a static medium. The initial energy of heavy quarks is set as 30 GeV, the medium temperature is fixed at 300 MeV, and α s = 0.3 is used. For the results presented from now, the realistic variation of the heavy quark momentum during its propagation is included and t i is also updated for each heavy quark after it emits gluons. As shown in Fig. 3 , elastic and inelastic energy loss are comparable to each other at early time. On the other hand, for large t, the inelastic process dominates the heavy quark energy loss. In addition, charm quarks lose significantly more energy than beauty quarks in both elastic and inelastic processes because of the mass effect. These results are consistent with our previous calculations based on a Langevin transport framework [54, 64] . We have noted that the relative contribution of elastic vs. inelastic scattering to heavy quark energy loss may depend on the kinematic cut-off one implements. However, to better distinguish between the contribution from the two mechanisms and place more constraints on our theoretical model, new observables beyond current measurement -such as two particle correlation functions related to heavy mesons [65] -should be investigated. This will be explored in a follow-up study.
To combine elastic and inelastic processes in our model, we divide the scattering probability within each time step ∆t into two regions: pure elastic scattering with probability P el (1−P inel ), and inelastic scattering with probability P inel . The total scattering probability is then their sum:
The Monte-Carlo method is adopted to determine whether a given heavy quark, during each ∆t, scatters with the medium and whether the scattering is pure elastic or inelastic. After a channel is selected, the method discussed in either Sec. II A or Sec. II B is used to update the energy and momentum of the heavy quark before it propagates to the next time step.
III. HADRONIZATION OF HEAVY QUARKS
In the previous section, we described the LBT model that includes heavy quark evolution inside a thermal QGP medium. In relativistic heavy-ion collisions, the temperature of the produced QGP decreases while it expands hydrodynamically. Around the transition temperature (T c = 165 MeV in our work) both the fireball and heavy quarks hadronize into color neutral bound states. In this section, we present a hybrid model of fragmentation and coalescence mechanisms that we utilize to describe the hadronization of heavy quarks.
High momentum heavy quarks tend to fragment into heavy hadrons. On the other hand, low momentum heavy quarks prefer the combination with thermal partons to form hadrons. The relative probability between these two mechanisms can be determined by the Wigner function in the heavy-light quark coalescence model [66] . Using this probability, we can calculate the spectra of produced heavy mesons, via the heavy-light coalescence process within the coalescence model itself, and via the fragmentation process using Pythia simulation [67] . In this work, we follow our previous study [53, 54] and further improve our hybrid model of fragmentation and coalescence for heavy hadron production.
Based on the instantaneous coalescence model, the momentum spectra of produced mesons and baryons are determined by:
respectively, in which dN i /d 3 p i denotes the momentum distribution of the i-th constituent quark in the produced hadron. We assume thermal distribution for light partons on the hadronization (phase transition) hypersurface of the expanding medium. For heavy quarks, their distribution at T c is taken after their in-medium evolution within the LBT model. In Eq. (20) , f W is known as the Wigner function denoting the probability for two or three particles to combine into a hadron. For a two-body system, the Wigner function reads
where g M denotes the spin-color degrees of freedom of the produced meson and the variables r and q are the relative position and momentum of the two constituent quarks defined in the rest frame of the meson, i.e., the two-body center-of-mass frame. φ M represents the meson wavefunction, which we approximate by the ground state wavefunction of a simple harmonic oscilla-
, where the width σ is related to the angular frequency of the oscillator ω via σ = 1/ √ µω with µ = m 1 m 2 /(m 1 +m 2 ) being the reduced mass of the two-body system. After averaging over the position space, we obtain the following momentum space Wigner function for the meson formation:
We may straightforwardly generalize the above procedure to a three-body system for the baryon formation. After combining two quarks first and then combining their center of mass with the third quark, we obtain:
where q 1 is the relative momentum between the first two quarks and q 2 is the relative momentum between the third quark and the center of mass of the first two quarks, both defined in the rest frame of the final baryon. σ i = 1/ √ µ i ω is the width parameter where
. In the coalescence model, we adopt thermal mass of 300 MeV for u and d quarks and 475 MeV for s quarks. Heavy quarks are not required to be thermal, and their bare masses of 1.27 GeV for c and 4.19 GeV for b quarks are used. The contribution from thermal gluons (m = 600 MeV) is incorporated assuming that they first split into light quark pairs and then combine with heavy quarks to form hadrons.
One of the crucial ingredients of the coalescence model is the oscillator frequency ω in the hadron wavefunction, which can be related to the charge radii of the corresponding charged hadrons [66] . For mesons and baryons, the relations are given by:
where m i and Q i are the mass and charge of each constituent quark. If one uses the root mean squared charge radii 0.43 fm of D + , 0.62 fm of B + and 0.39 fm of both Λ c and Λ b [66, 68, 69] , we obtain ω = 0.33 GeV for charm and beauty mesons, 0.43 GeV for charm baryons and 0.41 GeV for beauty baryons. For a minimal model, we ignore possible variation of the hadron radii due to the medium effect as discussed in Ref. [66] , and assume similar ω values for different heavy meson/baryon species.
Using the Wigner functions in Eqs. (22) and (23), we can calculate the coalescence probability of heavy quarks inside a thermal medium. In Fig. 4 , we provide the momentum dependence of the heavy-light quark coalescence probability at T c =165 MeV. Two sets of curves are presented: the probability for all possible hadronization channels (D/B mesons, Λ Q , Σ Q , Ξ Q and Ω Q ), and the one for heavy mesons (D 0 , D ± , B 0 , B ± ) alone. Since b quark has larger mass than c quark, its coalescence probability with thermal partons is smaller than c quark at zero momentum. On the other hand, the larger mass of b quark yields a slower increase of its relative velocity with thermal partons and thus a slower decrease of its coalescence probability with respect to its momentum.
In Fig. 4 , the hadronization of heavy quarks is divided into three regimes: coalescence with thermal partons to form D/B mesons, coalescence to form other heavy flavor hadrons, and fragmentation. In our simulations, at T c , in the local rest frame of the expanding medium, we use the Monte-Carlo method to select the mechanism through which each heavy quark hadronizes. If a charm or beauty quark is selected for coalescence into a D or B meson, a thermal light quark or anti-quark is generated to combine with the heavy quark according to the probability governed by the Wigner function Eq. (22) . If they do not combine, another thermal quark is sampled until a meson is produced. On the other hand, if a heavy quark is selected to fragment, its conversion into heavy flavor hadron is implemented via Pythia fragmentation, in which the relative ratios between different hadron channels are properly calculated and normalized. The effects of different hadronization mechanisms on heavy meson observables in heavy-ion collisions will be investigated in detail in the next section.
IV. HEAVY MESON SUPPRESSION AND ELLIPTIC FLOW AT THE LHC AND RHIC
In this section, we study the medium modification of heavy meson production in relativistic heavy-ion collisions. In particular, we investigate how heavy meson observables are affected by different momentum and temperature dependences of heavy quark transport coefficient, different hadronization mechanisms, and the coupling to the local fluid velocity of the expanding medium.
The majority of heavy quarks are produced via hard scatterings at the early stage of heavy-ion collisions. We initialize their production vertices in the position space via a Monte-Carlo Glauber model and their momentum distribution using the leading-order perturbative QCD (LO pQCD) calculation [62] . Both the pair production (gg → QQ and→ QQ) and the flavor excitation processes (gQ → gQ and gQ → gQ) are included in our calculation of the initial p T spectra of heavy quarks. Possible effects from the next-to-leading-order production of heavy quarks, such as the contribution of the gluon splitting process (g → QQ), on the final state heavy meson observables have been discussed in our earlier work [70] and shown to be small. For parton distribution functions in heavy-ion collisions, we use the CTEQ parameterizations [71] , together with the EPS09 parametrizations [72] to include the initial state nuclear shadowing effect. The effect of nuclear shadowing on the initial and final heavy flavor p T spectra has been presented in Ref. [54] . The rapidity distributions of initial heavy quarks are assumed to be uniform in the central rapidity region (−1 < y < 1).
To study the heavy quark evolution in realistic QGP fireballs, we couple our LBT model to the expanding bulk matter as simulated via a realistic hydrodynamic model. The (2+1)-dimensional viscous hydrodynamic model VISHNew developed in Refs. [73] [74] [75] is adopted, unless otherwise specified. We use the code version and parameter values provided by Ref. [75] in this work. The QGP fireballs are initialized using the Monte-Carlo Glauber model for their initial entropy density distribution. The starting time of the QGP evolution is set as τ 0 = 0.6 fm and the shear-viscosity-to-entropy-density ratio (η/s=0.08) is tuned to describe the spectra of soft hadrons emitted from the QGP fireballs for both RHIC and the LHC environments. In this work, smooth averaged initial condition and fireball evolution for the bulk matter are used. Possible effects of the initial state fluctuations on heavy flavor observables have been discussed in our earlier study [76] . Before the QGP forms, heavy quarks are assumed to stream freely from their initial production vertices. The energy loss experienced in the short pre-equilibrium stage is expected to be small as compared to that in the much longer QGP phase.
During the QGP stage, the hydrodynamic simulation provides the spacetime evolution of the local temperature and flow velocity profiles of the QGP fireball. For each time step of the LBT simulation, we first boost each heavy quark into the local rest frame of the fluid cell through which it travels. In the rest frame of the fluid cell, the energy and momentum of a given heavy quark are updated according to the Boltzmann equation as discussed in Sec. II. Then the heavy quark's momentum is boosted back to the collision frame and propagates to the next time step.
In our LBT model, the only adjustable parameter is the strong coupling constant α s . It directly determines the cross sections and rates of elastic scatterings, and also affects the spectra of medium-induced gluon throughq [Eq. (12) ] in the inelastic process. However, as pointed out by Refs. [50, [77] [78] [79] , the perturbative calculation of the scattering cross sections alone is not sufficient to describe heavy meson suppression and elliptic flow observed at RHIC and the LHC. To modify the temperature and momentum dependences of the pQCD driven transport coefficient in the non-perturbative region, we introduce the following Gaussian parametrizations of K-factors to model possible non-perturbative effect at low momentum and temperature near T c :
where the temperature dependent factor K T is directly placed on the coupling constantα s = K T α s and the momentum dependent factor K p is placed on the obtained transport coefficientq = K pq . These K factors are selected such that at high p and T they smoothly return to unity and thus the transport coefficient based on LO pQCD calculation is strictly applied to heavy quark evolution in the perturbative regime. The amplitude (A) and width (σ) parameters help model the possible strength and range of the non-perturbative effects at low momentum and temperature near T c . Note that a precise extraction of these parameters from the model-to-data comparison is not the purpose of this work, and will be left for a follow-up study using the Bayesian method [80] . In this work, we only concentrate on discussing possible effects on heavy meson observables from different momentum and temperature dependences of the transport coefficient with the help of the above parametrizations. After heavy quarks travel outside the QGP medium, i.e., the fluid cells have local temperature below T c , they form heavy flavor hadrons based on our hybrid model of fragmentation and coalescence as discussed in Sec. III. The effects of hadronic rescatterings on heavy meson observables have been investigated in our earlier work [54] and shown to be small, and thus is neglected in the current calculations. The nuclear modification factor R AA and elliptic flow coefficient v 2 of heavy flavor mesons are calculated as follows:
Below we present our numerical results and compare to the data from the LHC and RHIC experiments.
A. Effects of the momentum dependence of the transport coefficient
In Fig. 5 , we present our calculation of the D meson R AA and v 2 in 2.76 TeV Pb-Pb collisions at the LHC. Using the strong coupling constant α s = 0.32, our Boltzmann model provides a good description of high p T (>10 GeV) suppression of D mesons compared to the ALICE data. However, at low p T , our model calculation underestimates both the suppression and the elliptic flow coefficient of D mesons, indicating insufficient energy loss of heavy quarks when only the perturbative contribution to the transport coefficient is considered. We then use three sets of the momentum dependent K p factor to modify the heavy quark transport coefficient according to Eq. (24) . One can see that, with an enhancement of q at low momentum, better agreements of the D meson R AA and v 2 with the experimental observations may be obtained. However, even with very large K p (A p = 5 and σ p = 5 GeV), v 2 of D mesons is still underestimated while the suppression has already been slightly overestimated. This suggests that the use of the K p factor alone is not able to describe the complete non-perturbative effect for the heavy quark transport coefficient. Similar observations can also be found in Fig. 6 B. Effects of the temperature dependence of the transport coefficient
As discussed above, the use of the K p factor alone is insufficient to parametrize the full non-perturbative effect on heavy quark interaction with the QGP medium. We now investigate how the heavy meson observables are affected by the temperature dependent modifications of the transport coefficient. For this purpose, we multiply the constant α s by the K T factor as defined by Eq. (24) . The K p factor is now fixed at A p = 5 and σ p = 5 GeV, and we use three sets of values for the parameters A T and σ T .
As shown by Figs. 7(a) and 8(a), we can adjust the value of α s such that different choices of K T provide similar R AA of D mesons at both the LHC and RHIC. However, three sets of parameters of K T produce very different v 2 : a stronger enhancement of the transport coefficient near T c , i.e., larger values of A T and σ T , yields larger v 2 for D mesons while their R AA are quite similar. One may understand this as follows. If one increases the transport coefficient around T c while keeping the overall suppression of heavy mesons fixed, larger part of heavy quark energy loss tends to be shifted to the moment when they travel across the QGP boundary (or phase transition hypersurface), where the collective flow of the bulk matter is larger than average. Thus heavy quarks obtain larger v 2 due to stronger interaction around T c . Our results are qualitatively consistent with the findings in Refs. [78, 79] .
As shown by Figs Therefore a global fit to experimental data would be necessary to precisely extract the non-perturbative effect. We will leave this to a future study. In this subsection, we investigate in detail how the radial flow of the expanding QGP medium affects the D meson observables. There are two effects to be taken into account for the scattering and radiation rates when the transport model is coupled to a dynamically evolving medium. First, the time interval ∆t ′ in the local rest frame of the fluid cell is different from ∆t in the global collision frame by a factor of ∆t ′ /∆t = p µ u µ /p 0 , where p µ is the 4-momentum of the parton under discussion and u µ is the 4-velocity of the fluid cell in the global frame. We denote this first effect as "∆t dilation". Second, the 4-momentum of the parton in the global frame should be boosted into the local rest frame first in which its energy and momentum are updated before it is boosted back into the global frame. This second effect is denoted as "p boost". One alternative way of incorporating the "∆t dilation" effect is to calculate the parton energy loss still in the global frame with ∆t but rescaling the transport coefficient byq global /q local = p µ u µ /p 0 , since the transverse momentum broadening of a partonq∆t is boost invariant [81] . For the "p boost" effect, it is either automatically included if the transport model has been organized in a boost-invariant form, otherwise it must be treated separately (e.g. the expression for the gluon differential radiation rate governing the energy loss of hard parton in Eq. (14) is not boost-invariant).
One may compare the solutions of the transport equation using the global frame and the local rest frame [82] , and study how the radial flow of the expanding medium affects the final heavy meson R AA and v 2 as shown in Figs. 13 and 14. For the D meson R AA , we observe that due to "∆t dilation", heavy quarks have less time losing energy inside an expanding medium and therefore it increases as compared to the case without the flow effect. On the other hand, "p boost" on average enhances heavy quark energy loss in our model and therefore decreases the D meson R AA at high p T . The combination of these two effects increases the D meson R AA in our model. We note that how these two effects compete with each other depends on the details in the energy loss formalism, especially the momentum dependence; different models may lead to slightly different results [83, 84] . For the D meson v 2 , since heavy quarks traveling in the x direction experience stronger decrease of energy loss due to the "∆t dilation" effect than those in the y direction, the first effect enhances the final D meson v 2 . On the other hand, the second effect decreases the D meson v 2 at high p T . At low p T , the boost of heavy quark momentum into and out of the fluid cell develops the coupling between the heavy quark motion and the local fluid velocity, and thus significantly enhances the elliptic flow v 2 of heavy quarks. Finally, we observe that the combination of two effects enhances the D meson v 2 at low p T , but produces Using the same setting as described above, we now provide the predictions of the D meson suppression and elliptic flow in 5.02 TeV Pb-Pb collisions in Fig. 15 : R AA in central and minimum bias collisions are presented in Fig. 15(a) and v 2 in peripheral and minimum bias collisions are presented in Fig. 15(b) . Here a (3+1)-dimensional viscous hydrodynamic model CLVisc [85, 86] is used to predict the spacetime evolution of the QGP fireballs in which τ 0 = 0.6 fm, η/s = 0.08 and T c = 165 MeV are employed. In the same centrality bin, we observe the D meson R AA is slightly smaller and its v 2 is slightly larger in √ s NN = 5.02 GeV Pb-Pb collisions than in √ s NN = 2.76 GeV Pb-Pb collisions. 
V. SUMMARY AND OUTLOOK
We have extended the LBT model to describe the evolution of heavy quarks and production of final heavy flavor mesons in relativistic heavy-ion collisions. All 2 → 2 channels are incorporated for the elastic scattering process; the medium-induced gluon radiation based on the higher-twist energy loss formalism is introduced to describe the 2 → 2 + n inelastic process experienced by hard partons. The transport model is coupled to the hydrodynamic model that provides the spacetime evolution of QGP fireballs created in high energy nuclear collisions. A hybrid model of fragmentation and coalescence has been developed to describe the hadronization process of heavy quarks on the hadronization (or phase transition) hypersurface.
Within this LBT framework, we have investigated how heavy flavor observables depend on different energy loss and hadronization mechanisms, different momentum and temperature dependences of the jet transport coefficient, and the radial flow of QGP fireballs. Our results show that collisional and radiative energy losses of heavy quarks are comparable at very early time, but at later time, the evolution is more dominated by the inelastic process. It was also found that while the transport coefficient as calculated from the leading-order pQCD is able to describe the suppression of D mesons at high p T quite well, it fails at low p T . A good p T dependence of the D meson R AA at both high and low p T can be obtained by adding an enhancement for the transport coefficient at low momentum parametrized by a K p factor. Furthermore, a simultaneous description of the D meson R AA and v 2 requires the introduction of a temperature dependent modification (K T factor) for the transport coefficient that enhances the relative contribution of medium modification near T c . Different hadronization mechanisms also affect the final D meson spectra: the fragmentation process dominates the D meson production at high p T , while the heavy-light quark coalescence process enhances the D meson yield and v 2 at medium p T . In addition, we have systematically analyzed the effects of the QGP radial flow on the D meson observables. Our study indicates that the time dilation effect reduces the energy loss of heavy quarks in a moving fluid cell, and thus increases both R AA and v 2 of D mesons. On the other hand, the momentum boost of heavy quarks into and out of the local rest frame of the fluid cell enhances heavy quark energy loss and therefore decreases the D meson R AA and v 2 at large p T . We have found that while the combination of the two flow effects can usually enhance the D meson v 2 at low to medium p T , the influence at high p T is model-dependent and might be small. With a proper modification of the pQCD-driven transport coefficient to include some possible non-perturbative effects, our model can provide good descriptions of the D meson suppression and elliptic flow coefficient simultaneously observed at the LHC and RHIC. We have also provided the predictions for the D meson R AA and v 2 in 5.02 TeV Pb-Pb collisions at the LHC.
The current study constitutes an important contribution to our quantitative understanding of the production and nuclear modification of heavy flavors in relativistic heavy-ion collisions. There are two directions to explore in the near future. As mentioned earlier, a systematic global fit of the experimental data is necessary in order to precisely extract the non-perturbative effect of the parton-medium interaction at low momentum and near the transition temperature T c . For this purpose, a Bayesian analysis may be applied. Furthermore, our LBT model has been established not only for heavy quark evolution, but also for light flavor partons. In an upcoming work, the nuclear modification of high energy light flavor hadrons and heavy-light hadron correlations will be explored in the same framework.
